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Abstract
Let R be an integral domain an let T be an overring of R. There is a canonical semigroup homomorphism
between the ideal class semigroup of R and the ideal class semigroup of T . We investigate conditions under
which this semigroup homomorphism is surjective and we apply the results we obtain to the study of
overrings of Clifford regular domains. We recover some known results of Bazzoni and we prove in certain
more general situations that the Clifford regular property is inherited by an overring. In particular, we prove
that if R is a Clifford regular domain such that the integral closure of R is a fractional overring, then every
overring of R is Clifford regular. We also characterize among Clifford regular domains the ones that are
stable.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
All rings we consider here are commutative and have an identity element, denoted by 1.
A ring R is called local if R has an unique maximal ideal and semilocal if R has finitely many
maximal ideals.
Let R be an integral domain with fraction field Q(R). Recall that R is said to have finite
character if every nonzero element of R is contained in at most finitely many maximal ideals
of R. Equivalently, R has finite character if and only if every nonzero ideal of R is contained in
at most finitely many maximal ideals of R.
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A : B = {q ∈ Q(R) ∣∣ qB ⊆ A}.
Recall that a fractional ideal I of R is an R-submodule of Q(R) such that dI ⊆ R for some
nonzero element d ∈ R. Equivalently, an R-submodule I of Q(R) is a fractional ideal of R if
and only if R : I = 0. Denote by F(R) the semigroup of nonzero fractional ideals of R with the
usual multiplication.
For I ∈ F(R), let [I ] be the isomorphism class of I and recall that if I, J ∈ F(R), then I 
J ⇔ I = qJ for some 0 = q ∈ Q(R).
Definition 1.1. The ideal class semigroup S(R) of R consists of all isomorphism classes of
nonzero fractional ideals of R, under the composition rule [I ] · [J ] = [IJ ].
Note that S(R) is a commutative semigroup with identity [R].
While ideal class groups of integral domains have received a lot of attention, the investigation
of ideal class semigroups has only recently begun. The natural points of departure for studying
ideal class semigroups are the valuation domains and their global versions, the Prüfer domains.
Bazzoni and Salce in [1] study ideal class semigroups of valuation domains and later Bazzoni
in [2] studies the structure of ideal class semigroups of Prüfer domains. Ideal class semigroups
of orders in number fields are investigated by Zanardo and Zannier in [21].
An element [L] ∈ S(R) is called idempotent if [L]2 = [L]. Thus [L] is idempotent if and only
if L = qL2 for some nonzero element q ∈ Q(R). Note that if [L] ∈ S(R) is idempotent, then
there exists an idempotent fractional ideal K ∈ F(R) such that [K] = [L]. Indeed, if L = qL2, let
K = qL and observe that K and L are isomorphic fractional ideals and K2 = q2L2 = q(qL2) =
qL = K . Thus, if [L] ∈ S(R) is idempotent, we may assume that L itself is idempotent.
For an idempotent element [L] ∈ S(R), we define
G[L] =
{[IL] ∣∣ [IJL] = [L] for some [J ] ∈ S(R)}.
It is easy to see that G[L] is an abelian group with identity [L]. G[L] is called the constituent group
of S(R) associated to the idempotent [L]. Note that G[L] is the maximal subgroup of S(R) having
[L] as identity element. Moreover, the constituent groups associated to distinct idempotents are
disjoint.
An element [I ] ∈ S(R) is called regular if [I ] = [I ]2[X] for some [X] ∈ S(R). Equivalently,
[I ] is regular if and only if there exists a nonzero fractional ideal J of R such that I = I 2J .
By Lemma 1.1 of [2], [I ] is regular if and only if I 2(I : I 2) = I .
The regular elements of S(R) form a subsemigroup of S(R) which will be denoted by
RegS(R). Observe that
RegS(R) =
⋃
[L]
G[L]
where [L] runs through the set of all idempotents of S(R).
Definition 1.2. The ideal class semigroup of R is said to be a Clifford semigroup if every element
of S(R) is regular.
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of abelian groups.
Definition 1.3. An integral domain R is said to be Clifford regular if the ideal class semigroup
of R is a Clifford semigroup.
Clifford regular domains are introduced by Zanardo and Zannier in [21] and Bazzoni and
Salce in [1]. Bazzoni in [3] is the first to write down the definition of Clifford regular domains
and study them in greater detail.
By Lemma 1.1 of [2], R is a Clifford regular domain ⇔ I 2(I : I 2) = I for all I ∈ F(R) ⇔
I 2(I : I 2) = I for every nonzero ideal I of R.
Examples of Clifford regular domains include valuation domains and Prüfer domains of finite
character (see [1] and [2]). Bazzoni proves a number of properties of Clifford regular domains
and completely characterizes the Noetherian Clifford regular domains and integrally closed Clif-
ford regular domains. An integrally closed domain is Clifford regular if and only if it is a Prüfer
domain of finite character [3, Theorem 4.5].
Definition 1.4. A subring T of Q(R) such that R ⊆ T is called an overring of R. If, in addition,
T is a fractional ideal of R, then T is called a fractional overring of R.
For a nonzero fractional ideal I of R, it is well known that the endomorphism ring of I is
canonically isomorphic to I : I . The fractional ideal I : I is the largest overring of R in which
I is an ideal. Moreover, an overring T of R is a fractional overring if and only if T is the
endomorphism ring of a nonzero ideal of R.
Recall that I ∈ F(R) is called stable if I is an invertible ideal of I : I . An integral domain R is
called a stable domain if every nonzero fractional ideal of R is stable. Following Olberding’s ter-
minology of [14], an integral domain R is called finitely stable if every nonzero finitely generated
fractional ideal of R is stable.
Bazzoni proves that the class of Clifford regular domains is properly intermediate between the
class of stable domains and the class of finitely stable domains [3, Propositions 2.2 and 2.3] and
concludes that a Noetherian domain is Clifford regular if and only if it is a stable domain. There-
fore, the Noetherian case is well-understood. Characterizations of Noetherian stable domains can
be found in [7,13,17,19,20]. We mention that the fact that Noetherian stable domains, or at least
the Bass domains, are Clifford regular has been stated rather explicitly (without the terminology)
in earlier work of L.S. Levy and R. Wiegand (page 3 of [11] and page 51 of [12]).
We describe in Proposition 2.2 the constituent group associated to an idempotent of S(R).
We then use this to give a converse to Proposition 2.2 of [3], thus characterizing the Clifford
regular domains that are stable. In Theorem 2.6 we prove that an integral domain R is stable if
and only if it is Clifford regular and every nonzero idempotent fractional ideal of R is a ring. As
a corollary, we recover the structure of Noetherian Clifford regular domains proved by Bazzoni
in [3, Theorem 3.1].
In Section 3 we consider for an overring T of R the canonical semigroup homomorphism
φRT :F(R) → F(T ) defined by φRT (I ) = IT for every I ∈ F(R). We show that φRT is surjective in
either of the following cases:
(i) T is a fractional overring of R;
(ii) T is a flat overring of R;
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(iv) T is a Noetherian overring of R.
We use Zariski’s Main Theorem to deduce in Corollary 3.11 that if R is an integral domain such
that the integral closure of R is a Prüfer domain and a fractional overring of R, then the canonical
homomorphism φRT is surjective for every overring T of R.
For a Noetherian domain R, we also conclude in Remark 3.12 that the map φRT is surjective
for every overring T of R if and only if dimR  1.
In Section 4 we study overrings of Clifford regular domains. By applying the results obtained
in Section 3, we recover some known results of Bazzoni on fractional overrings and localizations
of Clifford regular domains [3, Lemmas 2.4 and 2.5]. In addition, we prove in Corollary 4.4 that
if T is a flat or well-centered overring of a Clifford regular domain R, then T is also Clifford
regular.
We ask in Question 4.5 if every overring of a Clifford regular domain is again Clifford reg-
ular. By work of Bazzoni and Olberding, it follows that Question 4.5 has a positive answer if
R is Noetherian or integrally closed. For a Clifford regular domain R, we are able to answer
Question 4.5 in the affirmative if the integral closure of R is a fractional overring of R. The main
result of Section 4 states that if R is a Clifford regular domain such that the integral closure R
of R is a fractional overring of R, then every overring of R is Clifford regular. We prove that if R
is a local finitely stable domain whose integral closure R has more than one maximal ideal, then
R is a finitely generated R-module. We conclude that the Clifford regularity is inherited by every
overring of a local Clifford regular domain whose integral closure is not a valuation domain.
2. Stable domains and Clifford regular domains
Let R be an integral domain and let I ∈ F(R) such that [I ] is a regular element of S(R).
Let J ∈ F(R) with I = I 2J and note that IJ is idempotent and [I ] ∈ G[IJ ]. Bazzoni gives in
[3, Proposition 1.2] a description of the idempotent of S(R) associated to [I ] which is indepen-
dent of the choice of J :
Proposition 2.1. With the above notations, let E = I : I and L = I (E : I ). Then the following
statements hold:
(i) IJ = L and [L] is the idempotent of S(R) associated to [I ].
(ii) L is an idempotent ideal of E and IL = I .
(iii) E = L : L = E : L.
We use Proposition 2.1 to give an explicit characterization of the group associated to an idem-
potent of S(R).
Proposition 2.2. Let L be an idempotent nonzero fractional ideal of R and set D = L : L. Then
the subgroup G[L] of S(R) associated to the idempotent [L] of S(R) is given by
G[L] =
{[K] ∣∣K ∈ F(R), KL = K and K(D : K) = L}.
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[I ][J ][L] = [L]. By modifying I, J , if necessary, we may assume that I, J ∈ F(R) satisfy
K = IL and IJL = L, i.e. KJ = L.
First note that KL = K . Indeed KL = (IL)L = IL2 = IL = K . Now recall that G[L] ⊆
RegS(R), so [K] is a regular element of S(R) and we have K2(K : K2) = K .
As in the previous proposition, set E = K : K and T = K(E : K). Then [T ] is the idempo-
tent of S(R) associated to [K]. Hence [L] = [T ], so T = qL for some nonzero q ∈ Q(R). By
Proposition 2.1 K = KT = KqL and K = KL imply K = qK . So L = KJ = qKJ = qL = T
and thus D = E. Hence K(D : K) = L and the inclusion “⊆” is now proved.
Conversely, if K satisfies KL = K and K(D : K) = L, then [K] = [K][L] and [K][D : K][L] =
[L][L] = [L2] = [L]. So, by definition, [K] ∈ G[L]. 
Remark 2.3. If K ∈ F(R) satisfies KL = K and K(D : K) = L, where L is idempotent and
D = L : L, then K : K = D.
Proof. Let x ∈ D = L : L, so xL ⊆ L. Hence xKL ⊆ KL, so xK ⊆ K , i.e. x ∈ K : K . So
D ⊆ K : K .
Now observe that L is an ideal of K : K , for if x ∈ L, y ∈ K : K , then xy ∈ K(D : K)(K :
K) = K(D : K) = L. Since D = L : L is the largest overring of R containing L as an ideal, we
must have K : K ⊆ D. So K : K = D. 
We exhibit below two corollaries to Proposition 2.2.
Corollary 2.4. Let L be a fractional overring of R. Then [L] is an idempotent of S(R) and the
subgroup G[L] of S(R) associated to [L] coincides with the ideal class group C(L) of L. In
particular, if L is semilocal, then G[L] is trivial.
Proof. Since L is a fractional overring of R, clearly [L] is an idempotent of S(R) and we have
L : L = L.
We show that G[L] = C(L) by double inclusion, using Proposition 2.2.
“⊆” Let [K] ∈ G[L], so K ∈ F(R), KL = K and K(L : K) = L. Since K ∈ F(R), we have
that KL ∈ F(L), so [K] = [KL] ∈ C(L). As K(L : K) = L, K is an invertible ideal of L, so
[K] ∈ C(L).
“⊇” Let [K] ∈ C(L). So K ∈ F(L) and K(L : K) = L. Since K ∈ F(L), it follows that
KL = K . Also, K ∈ F(R), since K is a fractional ideal of L and L is a fractional ideal of R.
Thus [K] ∈ G[L].
The last statement is obvious, since every invertible ideal in a semilocal ring is principal [5,
Chapter I, Proposition 2.5]. 
A nonzero fractional ideal I of R is called archimedean if I : I = R. If R is a valuation do-
main with nonprincipal maximal ideal, then the isomorphism classes of nonprincipal fractional
archimedean ideals of R form an abelian group under the usual multiplication of S(R) [5, Chap-
ter II, Theorem 4.10]. This group is denoted by Arch(R) and is called the archimedean group
of R. For a description of Arch(R) in terms of the value group of R see [5, Chapter II, Proposi-
tion 4.12].
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main R, then the group G[L] is precisely the archimedean group of the valuation domain RL [1,
Theorem 3]. We now use Proposition 2.2 to give a different proof for Bazzoni and Salce’s result.
Corollary 2.5. Let R be a valuation domain and let L be a nonzero idempotent prime ideal of R.
Then G[L] = Arch(RL).
Proof. “⊆” Let [K] ∈ G[L]. Note that L : L = RL, hence by Remark 2.3 K : K = RL. So K
is an archimedean fractional ideal of RL. Clearly K is a nonprincipal fractional ideal of RL,
otherwise KL = K implies LRL = RL. Thus, [K] ∈ Arch(RL).
“⊇” Let [K] ∈ Arch(RL). We may assume that K is a nonprincipal archimedean ideal of RL.
Since R is a valuation domain, RL is a fractional ideal of R, hence K ∈ F(R). Since LRL = L
and L is idempotent, the maximal ideal L of the valuation domain RL is nonprincipal, and hence
KL = K . Since [L] is the unit of Arch(RL), [K][RL : K] = [L], so there is λ ∈ RL such that
K(RL : K) = λL. But K(RL : K) is idempotent by Proposition 2.1, hence K(RL : K) = L.
Proposition 2.2 now shows that [K] ∈ G[L]. 
We now use Proposition 2.2 to give a new characterization of stable domains:
Theorem 2.6. An integral domain R is a stable domain if and only if R is Clifford regular and
every nonzero idempotent fractional ideal of R is a ring.
Proof. “⇒” If R is stable, then R is Clifford regular [3, Proposition 2.2]. Now let I be a nonzero
idempotent fractional ideal of R and let E = I : I . Since I is stable, we have E = I (E : I ) =
I ((I : I ) : I ) = I (I : I 2) = I (I : I ) = I . Thus I = E, so I is a ring.
“⇐” Let I be a nonzero ideal of R. We want to show that I is stable. Since S(R) is a Clifford
semigroup, [I ] ∈ G[L] for some idempotent element [L] of S(R). Note that we may assume
that L itself is idempotent, and hence, by hypothesis, L is a ring and so D := L : L = L. Since
[I ] ∈ G[L], we know that I : I = L : L = D and I (D : I ) = L = D. This shows that I is invertible
as an ideal of D = I : I , so I is stable. Thus, R is a stable domain. 
Note that if R is Noetherian and I is a nonzero idempotent fractional ideal of R, then I is
a finitely generated idempotent ideal of I : I . Thus I = I : I , so I is a ring. Thus, we get the
following corollary:
Corollary 2.7. A Noetherian domain R is stable if and only if it is Clifford regular.
3. Ideal class semigroups of overrings
Throughout this section, R will be an integral domain and T an overring of R. If I is a nonzero
fractional ideal of R, then
0 = R : I ⊆ T : IT
thus IT is a nonzero fractional ideal of T and there is a canonical map φRT :F(R) → F(T )
defined by φRT (I ) = IT for every I ∈ F(R). It is easy to see that φRT is actually a semigroup
homomorphism.
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R
T :S(R) → S(T ) given by φRT ([I ]) = [IT ] for every I ∈ F(R).
φRT is also a semigroup homomorphism. Note that φ
R
T maps regular elements of S(R) to regular
elements of S(T ).
Proposition 3.1. With the above notations, the following statements hold:
(i) Ker(φRT ) = {[I ] | ∃0 = λ ∈ Q(R) such that λI ∈ Ker(φRT )}. In particular, if I ∈ Ker(φRT ),
then [I ] ∈ Ker(φRT ).
(ii) If T is a proper overring of R, then φRT has a nontrivial kernel.
Proof. (i) If [I ] ∈ Ker(φRT ), then [IT ] = [T ], so ∃0 = λ ∈ Q(R) such that λIT = T . Hence
(λI)T = T , so λI ∈ Ker(φRT ). Conversely, if λI ∈ Ker(φRT ) for some 0 = λ ∈ Q(R), then
φRT ([I ]) = [IT ] = [λIT ] = [T ], so [I ] ∈ Ker(φRT ).
(ii) Since T is a proper overring of R, there exists a nonzero element λ ∈ T \ R. Let I =
R +Rλ. Then I is a fractional ideal of R, I = R and IT = T +T λ = T , so I ∈ Ker(φRT ). Hence
φRT has a nontrivial kernel. 
Remark 3.2. For a proper overring T of R, it can happen that the canonical map φRT has trivial
kernel. In fact, if R is a PID, then φRT is an isomorphism for every overring T of R. (Note that
the ideal class semigroup of a PID is trivial and that every overring of a PID is again a PID.)
Remark 3.3.
(i) φRT is surjective if and only if every fractional ideal of T is the extension of a fractional ideal
of R.
(ii) φRT is surjective if and only if φRT is surjective.
The next results give sufficient conditions for the surjectivity of φRT :
Proposition 3.4. If T is a fractional overring of R, then φRT is surjective. In particular, if T is a
finitely generated R-module, then φRT is surjective.
Proof. By hypothesis, there exists 0 = d ∈ R such that dT ⊆ R, so T ⊆ 1
d
R.
Let X be a nonzero fractional ideal of T . Then X is an R-submodule of Q(R) and 0 = T : X ⊆
1
d
R : X = 1
d
(R : X), so R : X = 0. Hence X is a fractional ideal of R. Since T contains 1, we
have X = XT , showing that φRT is surjective.
If T is a finitely generated R-module, then T is a fractional overring of R and, by above, φRT is
surjective. 
The proof of the following proposition is immediate.
Proposition 3.5. If every ideal of T is the extension of an ideal of R, then φRT is surjective.
Proof. Let X be a nonzero fractional ideal of T . Then ∃0 = d ∈ T such that dX = J is a
nonzero ideal of T . By hypothesis, J = IT for some nonzero ideal I of R. Hence X = (1/d)J =
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is surjective. 
If R is a Prüfer domain and T is an overring of R, then every ideal of T is extended from R
[5, p. 95]. Hence, if R is a Prüfer domain, then the canonical map φRT is surjective for every
overring T of R.
Remark 3.6. Even if φRT is surjective it does not follow, in general, that every ideal of T is the
extension of an ideal of R. For example, if R is a local domain with maximal ideal m and T
is a fractional integral overring of R with at least two maximal ideals, then φRT is surjective (by
Proposition 3.4), but no maximal ideal of T is extended from R. Indeed, assume that M is a
maximal ideal of T which is extended from R, say M = IT for some nonzero ideal I of R.
Clearly I is a proper ideal of R, so I ⊆ m. Since M ∩ R = m, we have M = IT ⊆ mT ⊆ M ,
hence mT = M . Now let N be a maximal ideal of T , distinct from M . Since N ∩ R = m, we
have M = mT ⊆ N , hence M = N , contradiction.
Definition 3.7. Let R be an integral domain and let T be an overring of R.
(1) T is called a localization of R if T = S−1R = RS , where S is a multiplicatively closed subset
of nonzero elements of R.
(2) T is called a flat overring of R if T is a flat R-module.
(3) T is said to be well-centered on R if for each t ∈ T there exists a unit u ∈ T such that
ut = r ∈ R. Thus, T is well-centered on R if and only if each principal ideal of T is generated
by an element of R.
Flat overrings are considered in [16] and [10, Chapter IV]. Well-centered overrings of an
integral domain are introduced and studied by Heinzer and Roitman in [8]. By Proposition 4.14
of [10], an overring T of an integral domain R is a flat overring if and only if TM = RM∩R for
all maximal ideals M of T .
Note that a localization of R is both flat over R and well-centered on R.
Proposition 3.8. If T is flat over R or well-centered on R, then φRT is surjective. In particular, if
T is a localization of R, then φRT is surjective.
Proof. We show that in either case, every ideal of T is extended from R. The conclusion then
follows from Proposition 3.5.
Assume that T is a flat overring of R. Let J be a nonzero ideal of T . Note first that J ∩R = 0.
For each maximal ideal M of T we have JTM = JRM∩R = (J ∩ R)RM∩R = ((J ∩ R)T )TM .
Thus, J = (J ∩R)T , so J is the extension of a nonzero ideal of R.
If T is well-centered on R, then every principal ideal of T is the extension of a principal ideal
of R. Hence every nonzero ideal of T is the extension of a nonzero ideal of R. 
Proposition 3.9. If T is a Noetherian overring of R, then φRT is surjective.
Proof. Let J be a nonzero fractional ideal of T . Since T is Noetherian, J is a finitely generated
T -module. So there exist nonzero elements d, a1, a2, . . . , an of R such that J = T a1 + T a2 +d d
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(Ra1 + Ra2 + · · · + Ran), then I is a nonzero fractional ideal of R and
J = IT . Thus, φRT is surjective. 
If R is a subring of a ring T and P is a prime ideal of T , then P is said to be isolated over
R ∩ P if P is maximal and minimal with respect to the primes of T whose intersection with R
is R ∩ P . We recall now the following variant of Zariski’s Main Theorem, due to Peskine and
Evans (see [4] and [15]):
Zariski’s Main Theorem. Let R be a subring of T such that R is integrally closed in T and there
exist t1, t2, . . . , tn ∈ T with T integral over R[t1, t2, . . . , tn]. If a prime ideal P of T is isolated
over P ∩R, then there exists an s ∈ R \ P ∩R such that Ts = Rs .
Zariski’s Main Theorem is the main ingredient in proving the following result:
Proposition 3.10. Let R be an integral domain such that R is a Prüfer domain. Let T be an
overring of R. Then T is a flat extension of R ∩ T .
Proof. Let A = R ∩ T . Let B be a finitely generated A-subalgebra of T and note that A is
integrally closed in B . Let p  q be two prime ideals of B such that p ∩A = q ∩A = m. By the
Going-Up Theorem, there exist prime ideals P Q of B lying over p and q , respectively. Note
that A = R is a Prüfer domain, so P = (P ∩ A)B and Q = (Q ∩ A)B . Then P ∩ A Q ∩ A
are two distinct comparable prime ideals of A lying over the prime ideal m of A, contradiction.
Thus, there do not exist two prime ideals of B with one properly contained in the other that have
the same contraction to A. Hence, every prime ideal of B is isolated over P ∩ A. By Zariski’s
Main Theorem, it follows that for every prime ideal P of B , there exists s ∈ A \P ∩A such that
Bs = As . Hence BP = AP∩A, and by Proposition 4.14 of [10], it follows that B is flat over A. So
every finitely generated A-subalgebra of T is flat over A. Since T is the direct limit of its finitely
generated A-subalgebras, it follows that T is flat over A. 
Corollary 3.11. Let R be an integral domain such that R is a Prüfer domain and a fractional
overring of R. Then the canonical map φRT :F(R) → F(T ) is surjective for every overring T
of R.
Proof. Let T be an overring of R and let A = R ∩ T . Since R is a fractional overring of R and
A ⊆ R, A is a fractional overring of R, so the canonical map φRA :F(R) → F(A) is surjective, by
Proposition 3.4. By Proposition 3.10, T is a flat overring of A. Hence, by Proposition 3.8, the
canonical map φAT :F(A) → F(T ) is surjective. We conclude that φRT = φAT ◦ φRA is surjective, as
a composition of two surjective maps. 
We end this section observing that the canonical map φRT :F(R) → F(T ) needs not be surjec-
tive, in general:
Remark 3.12. The image under φRT of a finitely generated fractional ideal of R is a finitely
generated fractional ideal of T . If R is a Noetherian domain of dim > 1, then R has a non-
Noetherian valuation overring T [22, Chapter VI, §4, Theorem 5] and hence the map φRT is
not surjective. Moreover, by Krull–Akizuki’s Theorem [9, Theorem 93], every overring of a 1-
dimensional Noetherian domain is again Noetherian and of dimension at most 1. In view of the
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for every overring T of R if and only if dimR  1.
4. Overrings of Clifford regular domains
In this section we apply the results of the previous section to the study of overrings of Clifford
regular domains.
Bazzoni in [3] proved that fractional overrings and localizations of Clifford regular domains
are Clifford regular. We recover here these results and we also prove in certain more general
situations that the Clifford regular property is inherited by an overring.
Let R be an integral domain and let T be an overring of R. Recall that there is a semigroup
homomorphism φRT :F(R) → F(T ) defined by φRT (I ) = IT for every I ∈ F(R).
Proposition 4.1. If φRT is surjective and R is Clifford regular, then T is Clifford regular.
Proof. Since the induced map φRT :S(R) → S(T ) is also a surjective semigroup homomorphism
and the homomorphic image of a Clifford semigroup is a Clifford semigroup, it follows that T is
a Clifford regular domain. 
Corollary 4.2. Let R be a Clifford regular domain. If T is a fractional overring of R, then T is
Clifford regular and φRT is surjective.
Proof. Follows at once from Proposition 3.4 and the previous result. 
Corollary 4.3. Let R be a Clifford regular domain and let T be an overring of R such that every
ideal of T is the extension of an ideal of R. Then T is Clifford regular.
Proof. Follows at once from Propositions 3.5 and 4.1. 
Corollary 4.4. Let R be a Clifford regular domain and let T be an overring of R.
(i) If T is a flat overring of R, then T is Clifford regular and φRT is surjective.
(ii) If T is well-centered on R, then T is Clifford regular and φRT is surjective.
In particular, if T is a localization of R, then T is Clifford regular.
Proof. Follows immediately from Propositions 3.8 and 4.1. 
We do not know if the Clifford regularity is inherited by every overring of a Clifford regular
domain. We ask the following question:
Question 4.5. If R is a Clifford regular domain, is every overring of R again Clifford regular?
We observe that Question 4.5 has a positive answer if R is Noetherian or integrally closed. In
the Noetherian case, this follows from Corollary 2.7 and the fact that every overring of a stable
domain is again stable [14, Theorem 5.1]. If R is integrally closed, then R is a Prüfer domain of
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character are Clifford regular, it follows that every overring of R is Clifford regular.
We now give a positive answer to Question 4.5 in the case the integral closure of R is a
fractional overring of R.
Theorem 4.6. Let R be a Clifford regular domain such that the integral closure R of R is a
fractional overring of R. Then every overring of R is Clifford regular.
Proof. By Corollary 4.2, a fractional overring of a Clifford regular domain is again Clifford
regular, hence R is Clifford regular. But R is integrally closed, so R is a Prüfer domain.
Let T be an overring of R. By Corollary 3.11, the canonical map φRT :F(R) → F(T ) is sur-jective. Proposition 4.1 now shows that T is Clifford regular. 
We now show that a local Clifford regular domain whose integral closure is not a valuation
domain satisfies the hypotheses of Theorem 4.6.
Recall that if R is a finitely stable domain, the integral closure R of R is a Prüfer domain
and every R-submodule of R containing R is a ring [18, Proposition 2.1]. Moreover, if R is
local, then R has at most three maximal ideals [14, Proposition 2.3]. The author wishes to thank
B. Olberding for his help in proving the following result:
Proposition 4.7. Let R be a local finitely stable domain such that the integral closure R of R is
not a valuation domain. Then R is a finitely generated R-module.
Proof. We first prove the existence of a module-finite overring T of R such that T is contained
in R and T and R have the same number of maximal ideals.
Since R is not a valuation domain, R has either two or three maximal ideals. If R has two
maximal ideals m1 and m2, let x ∈ m1 \ m2 and set T = R + Rx. If R has three maximal
ideals m1, m2, and m3, then choose x ∈ m1 \ (m2 ∪ m3) and y ∈ m2 \ (m1 ∪ m3) and set T =
R+Rx +Ry. In both cases, T ⊆ R is a module-finite overring of R and the maximal ideals of T
are precisely the restrictions to T of the maximal ideals of R. So T and R have the same number
of maximal ideals.
Now let m be the maximal ideal of R and choose T as above. Note that every overring S of R
such that T ⊆ S ⊆ R also has the same number of maximal ideals as T and R. Since R is finitely
stable, it follows that T/mT is a finite-dimensional R/m-algebra with the property that every
R/m-subalgebra containing the identity is a ring. Hence Handelman’s Lemma [6, Lemma 5]
applies and since T/mT has more than one maximal ideal, it follows that T/mT = R/m×R/m
or T/mT = R/m × R/m × R/m. Now if T is not equal to R, we can choose a pair of distinct
module-finite overrings T1 and T2 of R, such that T1 and T2 are contained in R and have the
same number of maximal ideals as R. If T1 ⊂ T2, since T1/mT1 and T2/mT2 are necessarily
isomorphic by Handelman’s Lemma, it follows that T1 = T2, contradiction. If T1  T2, then
T2 ⊂ T1T2, and the above argument applied to T2 and T1T2 shows that T2 = T1T2, and hence
T1 ⊆ T2, contradiction. Thus T = R, so R is a finitely generated R-module. 
Since Clifford regular domains are finitely stable, Theorem 4.6 and Proposition 4.7 yield the
following corollary:
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a valuation domain. Then every overring of R is Clifford regular.
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